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Demographers for many years have attempted
to predict future trends in fertility and popula-
tion, but have generally failed. Unfortunately,
even as the science of demography has matured
and its methodology become more sophisticated,
the accuracy of fertility and population projec—
tions has not improved. Indeed, many modern
projections are substantially worse than early
projections made with sometimes crude techniques.
This lack of accuracy coupled with the increased
use of population projections in planning pro-
cesses which result in the expenditure of sub-
stantial public and private funds suggests that
improvements in projection methodology should be
thoroughly investigated and that the error in
projections should be quantified. The inclusion
of distributional information with projections,
either in the form of subjective probability
estimates or explicit variance estimates, would
immediately tell a user how much confidence to
place in a projection and would make the projec—
tion more useful,

In developed countries, the component of
population growth which has proved hardest to
predict—fertility—has also been the major
determinant of population growth. The accuracy
of early projections can be attributed to the
fact that fertility changes were very slow and
gradual; however, this is no longer true as .
there seem to be swings of fairly large amplitude
in fertility.

The problem of predicting long term trends
in fertility for modern post-~transition popula-
tions may not be as difficult as it has been for
the past 50 years, however., It is possible to
argue that in populations which have completed
the demographic transition, there are no secular
trends in fertility. With the completion of the
ad justment of fertility to declining mortality,
fertility in the future is likely to fluctuate
around replacement levels.

Even if a model which included fertility
fluctuating around replacement levels were
accepted and brought into use, demographers would
need some knowledge of the frequency and ampli-
tude of the cycles in order for the model to be
helpful for prediction purpose. The existence
of such fertility cycles has been attributed to
factors such as age structure which are internal
to demographic systems (e. g. Basterlin and
Condran, 1975) and to outside disturbances such
as economic influences (e. g. Easterlin, 1973)
mixed with environmental constraints (Lee,
1974b). The presence of such cycles has been
empirically verified; and they could aid greatly
in predicting fertility.

This conceptualization of fertility as
fluctuating around a fixed level (replacement
level) suggests that time series techniques
could be profitably employed in studying fer-
tility processes.s Time series methods may not
solve the problem of accurate trend prediction
but the methodology can aid in quantifying the
error processe Time series methods are well-
suited for solving the problem of how much of a

deviation from trend can be regarded as a fluc-
tuation, not necessarily invalidating the entire
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forecaste With the addition of models for the
variance of projections, the distributional in-
formation on population projections required for
improved planning can be supplied in the form of
confidence intervals.

l. Methods and Data

The projections reported in this paper were
made with the classical discrete model of popu~
lation dynamics, £t+1 = ét Xie In this model,

X; is a column vector with each element repre-
senting the number of individuals in an age group
at time t. The matrix A; represents the survival

of population members from one age group to the
next and the entrance (birth) of new members into
the first age group Xije

The variance calculations are based on the
random transition matrix model of Sykes (1969)
which assumes that the transition matrices, the
Ai'sy form a sequence of random variables:

)—('t+l = (ét +ét)_x-t H t = O,l,.oo

where Ay is a square matrix of random variables
with the properties

ELA_t] =0 ;

and 2, is a singular variance-covariance matrix.

(1.1)

B[ (B4xs 851807 = Ly

With conditional arguments, it can be shown that
the mean of the random process, ut, is identical

to the deterministic process. The variance, Vi,

is then the sum of the one-step innovation vari-
ance, My, and the weighted sum of the variance

from the previous steps

yt (1.2)

where

{mtij}={§§C°V(Atia’Atja)("taa *upones)
The confidence interval for births can be shown
to be (Schweder, 1971):

R AT

where 1is the percentage point in the
~distribution with degrees of freedom equal to

the rank of !&.

These basic equations are used to compute
the projections but projected values for the para-
meters must be obtained by other means., The
methods of time series analysis, in which the
behavior of any variable over time is character-
ized by relationships to past values of the
variable itself, can be used to predict values of

the birth rates in At’ the bj's, and the struc-

ture of the residuals can be used for Z%-

The data used to fit the time series models
are 36 series of annual central age-specific
birth rates, ages 14~49 for 55 years, 1917-1971
(Whelpton and Campbell, 1960 and annual volumes

A

= V : A
Moot & 0% 0%

(1.3)



of U. Se Vital Statistics from 1964). From the
projected values of the annual central birth
rate, fj, the values of b. are obtained by

by = 1Lo/2%) (£ + s fj+1)-

Because the major emphasis of this study is
fertility, the values for survival rates were
computed from actual life tables for 1950-1971
and from Census Bureau projections for the years
1972 and later, Annual immigration' of 400,000
was assumed.s For the initial population vectors,
X data from the 1950 and 1960 Census were used;

see Passel (1976) for more detail concerning data
sourcess

2, Time Series Methods and Results

The time series methods of Box and Jenkins
(1970) were used to fit autoregressive, inte-
grated, moving average (ARIMA) models to the
birth rate series. Following their notation,
the general form for a p-th order autoregressive,
d-th order integrated, g-th order moving average
model, also referred to as a (p,d,q) ARIMA
model, is

.»p(B)vdft =

o + oq(B)et

(2.1)
The identification, selection, and estimation of
appropriate time series models for the series of
age-specific birth rates was ascomplished
followi the methods suggested by Box and
Jenkins (1970, Chapter 6%%

The selection of an appropriate model for a
given series depends on two major factors: 1)
the uses of the model and 2) the nature of the
series itself, All of the ARIMA models selected
for fitting to the birth rates series included
first or second differences. No unintegrated
(i.e. d=0) models were selected for two reasons.
First, examination of the autocorrelation func-
tions for the series of age-specific and age-
parity-specific birth rates suggests that prac-
tically all of the series, particularly those
not at the older reproductive ages, are non-—
stationary. Second, and more important, the
behavior of projections made using unintegrated
models does not adequately portray the behavior
of the birth rates. Projections made from
undifferenced time series models decay exponen-—
tially to the mean of the series, There is no
reason to impose this type behavior on the birth
rate or probability projectionse. Furthermore, in
every case, at least one integrated model pro-
duced a better fit than any unintegrated model.
Differencing of higher than second order was not
necessary to achieve apparent stationarity for
any of the series.

The best fitting model for each age-specific
birth rate was determined by the so-called
portmanteau test, Q (Box and Jenkins, 1970:291),
residual variances, and parsimony. Generally,
for each birth rate series, the model with the
smallest value of Q was chosen for the projec—
tionse If there were two or more models with
small and approximately equal values of Q, the
one with the smallest value of the residual
variance, 03 9 was chosen.

Of the 36 series of age-specific rates, all
but 7 were fitted with models which yielded
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values of Q that had probabilities of occurrence
of 0,70 or larger; none had a value smaller than
O.24s Box and Jenkins (1970:292-3) treat values
of Q with probabilities of occurrence in the
range 0¢25 to 0.10 as indicative of some model
inadequacy. Thus, all of the models presented in
Table 1 fit the data quite well.

The fitted models are quite parsimonious.
Only 8 of the series required second differencing
to produce an adequate fit; only one of these
(age 30) was at an age which contributes a sub-
stantial amount to overall fertility. Only 5
series (ages 30, 37, 39, 42, and 43) required
four autoregressive terms, two degrees of differ-
encing and two degrees in the AR coefficients.
Seventeen series required moving average terms to
provide an adequate fit but only one (age 35) re-
quired a second order MA term,

A further indication of the adequacy of the
selected models is provided by the similarity of
form and content shown by models for nearby ages.
It is possible that other more complex models
may provide a better fit for some of the series
but this seems unlikely in view of the general
similarity in form and the tendency for over-
fitted models to produce worse results. Thus,
the models presented in these tables, i.e. the
parameter values, residuals, and residual vari-
ances, are the ones used in the population pro-
jections presented in the next section.

3.__Results of the Projections

Two basic sets of projections are reported
here: 1) starting in 1950 and contimuing through
1975; and 2) from 1960 through 1975 The same
time series models (Table 1) were used in each
case, Thus, the "projection" models are based
on data which include values from the projection
periode This should lead to improved projections
but, as will be seen, the overall quality of the
projections is generally poor in spite of this
bias toward "good" projections.

The behavior of the projections of the
individual series of age-specific birth rates can
be characterized by two main features: 1) each
series levels off very quickly and 2) the amount
of change from the initial value to the final
value is relatively small, In order to assess
the overall adequacy of the time series models
the total fertility rate (TFR) and the projected
births will be examined,

3.1 Fertility Projections: 1950-1975

TFRe The behavior of the TFR as projected
from the 1950 base year is consistent with the
behavior of the individual age-specific birth
rates as just describede The projected TFR was
essentially constant, staying roughly between
2,900 and 3,000; the oscillations are the result
of minor deviations in fertility, mortality, and
age structure. The projected value for the first
year, 1951, was too low by 9 percent (2,968 vs.
the actual value of 3,267§ and the projected
amount of change from 1950, -123, was in error
by 262 percent. (See Figure A and Table 2,) The
projection missed the 1950's "baby boom" entirely.
By 1957, the peak year for TFR, the projected TFR
was 811 points or 22 percent too low (3,760 vs.
2,949)e Actval fertility fell after 1957 so
that by 1965, the actual and projected TFR



differed by only 47 points or 2 percent (2,928
vse 2,88l). However, the projections again did
not predict another major fertility movement —
the post-1960 decline in fertility. By 1975,
the actual TFR was far below the projected
value; the actual TFR (1,800) was 1,114 points
less than the projected value (2,91L) which was
62 percent above the actual TFR.

Birthse The accuracy of birth projections
made from base year 1950 with age-specific rates
is comparable to the accuracy of the TFR projec-
tions for the first 15 or so years. Even the
projection for the first year, 1951, is substan-~
tially in error. The difference between the pro-

ection (3,481,000) and the actual births
%3,771,0005 of 290,000 represents an error of
Te7 percent, a substantial amount for a single
year forecaste In fact, the number of births
fell outside the 50 percent confidence limits
which were 3,481,000 + 192,000 or a range from
3,289,000 to 3,673,000, (See Figure B and
Table 2.)

The birth projections remain nearly con-
stant between 3,400,000 and 3,500,000 per year
through 1961, Then, the projected number of
births begins to increase exponentially. This
trend is, unfortunately, almost just the oppo-
site of what actually occurred — an increase in
the number of births from 1951 to 1961 followed
by a general decline through 1975 (with the ex—
ception of 1969-1971). Although the curves of
projected and actual annual births cross about
1966, the percentage errors increase again be-
cause of the different trend directions. By
1974, the difference between the actual number
of births (3,115,000) and the projected number
(4,676,000) reached 50,1 percent of the actual
births!

The overall inaccuracy of the projected
number of births can be seen quite clearly by
examining the 50 percent confidence interval,
which is +192,000 for the first year of the pro-
jection and shows an increase of about + 100,000
for each year of the projection. After
only ten years, the 50 percent confidence limits
reached + 965,000 with the total width of the
interval  (1,930,000) being over 55 percent of
the projected number of birthse Even with these
very wide limits which increased substantially
each year, the increasing trend in the number of
births is great enough to keep the actual value
above the confidence interval for the first 8
years of the projection; only when the annual
number of births levelled off in 1959 and 1960
did it fall within the 50 percent confidence
limitse
3.2 Fertility Projections: 1960-1975

The projections from base year 1960 exhibit
the same general tendencies as those from 1950,
The projected TFR changes little from the ini-
tial value and levels off slightly above 3500
thus missing the decline of the 1960's. (See
Figure A and Figure B.)

Lo Discussion and Conclusions

The results indicate that the various pro-
jections are neither very accurate nor precise.
Projections of births over periods of time as
short as 1-5 years miss the actual births by
substantial amounts. Over longer periods of
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time, 10-25 years, the projections bear practi-
cally no relationship to the actual course of
eventse The variance estimates appear to be
quite large, too large in fact to provide useful
confidence intervals for users of projections
over short, medium, or long range. However, the
inaccuracy of the projections, the large vari-
ances, and the failure of the actual value to
fall within quite large fifty percent confidence
intervals do not invalidate the variance models.
The size of the estimated variance depends
directly on the variances of the birth rates as
determined from the projection models for the
ratese Likewise, the accuracy of the projections
is determined by the birth rate models. Thus, it
is possible, even in light of the poor perform-—
ance of the projections, to draw some meaningful
conclusions about the precision of the projec—
tions, the variance models, and the method of
computing confidence intervals.

The variance of the annual births is pri-
marily a function of the variances of the pro-
jected birth ratess Projections of birth rates
from time series models have variances which in-
crease as the number of intervals (steps) from
the origin increases. For the projections in
this paper, the 50 percent confidence limits of
annual births increase by about + 50,000 to
+ 150,000 per year, This means That by ten years
into a projection, the 50 percent confidence
limits for births are about + 1,000,000 when
annual births in this country generally have
fallen in the range of 3,000,000-4,000,000.
Furthermore, if the projection is carried far
enough so that the projected birth cohorts with
their large variances reach the childbearing
ages, the variances of the next generation of
births grow at an explosive rate.s After 25 years
or less, the 50 percent confidence limits for
births could easily include no birthse. This
property of increasing variance with time is
logical and should be expected; the ability of
demographers to forecast the number of births
ten years (or even two years) in the future has
proved to be quite limited. However, the magni-
tude of the variance of births in these projec-
tions is too great for practical application.

More precise projections, i.e. smaller con-—
fidence intervals, would provide better ex post
assessment of projections and better ex ante
limits for utilizing population projectionse So,
what can be done to make the confidence intervals
and variances smaller? First, it should be
stressed that the large variances found in this
research are meaningful in the context of the
projection models. The variances represent the
actual experience in the United States over a
period of 55 years as modelled with time series.
So obviously, one way to decrease the variance
of the projected births is to use more precise
models for projecting the birth rates.

The size of the variance of a projection is
a function of the number and size of the vari-
ances of the elements of the projection matrix.
Thus, the overall variance could be reduced if
the number of birth rates in the matrix could be
reducede In a related manner, the variance at
lead time t could be reduced if the number of
intervals between the origin and t could be re-

duceds By using 5-year age groupings (7 age-



groups instead of 36) and 5-year time intervals,
the variances of the projections for middle and

long range projections could be reduced substan-
tially.

A reduction in the variance of a projection
as a result of increasing the size of the pro-
jection intervals and age groups would not be a
mere statistical artifact. Small annual fluctu-
ations in birth rates and births are removed by
the aggregation. For many purposes, such pro-
jections would prove to be very useful. How-
ever, in a sense, this would be sidestepping
important issues about improving, not the pre-
cision but, the accuracy of population projec-
tions, particularly over the short run. If the
variance would be reduced, the projection models
for fertility would still not be adequate.

The blame for the inaccuracy of the projec-
tions must be laid on the time series models.
The models were fitted to the entire data
series, 1917-1971, and were used to "project"
points within the limits of the data as used to
fit the models yet they still did a very poor
job of predicting future values of the birth
rates. What, then, went wrong with the projec-
tions of fertility and what can be done to im-
prove them? Very little variation was predicted
for individual birth rates; the smooth and
relatively constant trends can be attributed
directly to the properties of the time series
modelse Most of the year-to-year variation in
birth rates is assigned to the random shock or
residual terms In the projections these terms
become zero so that their effect in the long run
(after initially determining the level of the
rate) is virtually nonexistent. The actual
birth rates, however, are not mainly the result
of random variation. Thus, the time series
models are not adequate for most prediction
purposes and do not model the actual process.
However, improved time series models could
possibly be useful for one- or two-year projec-
tions which could be updated annually.,

Over medium and long ranges, the time
series models used in this research do not pre-
dict trends very well. Essentially, the pro-
jected birth rates remain at a constant level
close to the original level after four or five
years rather than experiencing a prolonged,
gradual movement to some, possibly very differ-
ent, ultimate levels Although the model is
based on the whole series, the projected trend
and level are based wholly on the last p + d
(usually not more than 4) values. Thus, the
long range trend is a function of very short
range variation and may be substantially differ-
ent from the actual trend and from trends pre-
dicted in other wayse.

Over both the short and the long term, the
time series models do not do a very good job of
predicting fertility (or of estimating the
variance). Clearly, more structure than merely
the autocorrelation of a series of birth rates
itself is necessary to provide reasonable fore-
castse Furthermore, it is unlikely that any
model based solely on demographic variables such
as age, sex, interval since last birth, parity,
etce will yield accurate projections of fertil-
ity even in the short run. (Figures A and B
show that projections made by adding parity to
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the models are not substantially different. See
Passel, 1976 for more discussion of these results)
A great deal of research has been done which
demonstrates clearly that social and economic
factors exert major influences on fertility.
What is needed for accurate fertility (and,
consequently, population) projection is a model
which incorporates social and economic factors
in addition to relevant demographic variables.
However, we should not be limited to the usual
regression techniques which ignore or suppress
the known autocovariance structure of fertility.

A great deal of work in the area of fertil-
ity has been done with regression techniques and
some with time series analysis (Saboia, 1974;
Lee, 1974a), but the techniques have not been
used together., However, methods are available
which incorporate models of ARIMA processes and
simultaneous equation models in such a way as to
use regression techniques and time series analy-
sis in estimating and checking the model
(Zellner, 1975). Such linear multiple time
series models could provide the basis for an
integrated system relating social, economic, and
demographic variables for providing accurate
forecasts of fertility and population as well as
estimates of the projection error.

Predicting the future for any purpose is
difficult; the future of fertility especially
has not proved to be easy to foretell. The
methods of time series analysis, although useful
tools (particularly for computing confidence
limits), have unfortunately not provided an
immediate solution to the problem of fertility
projection. This does not mean that demogra-
phers should abandon the methods of Box and
Jenkins. Rather, by combining the work of
social demographers (with respect to correlates
of fertility), economists (such as Easterlin for
theory and Zellner for methodology), and statis-
ticians, the work reported in this paper could
be extended so that it might be possible in the
not too distant future to predict with a reason-
able degree of accuracy not only the short range
(1-5 years) course of fertility and population
growth, but also the long term (20-50 years)
possibilities.
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TABLE 1

"Best" Fitting ARIMA Models for Time Series of Age-Specific
Birth Rates for Women Aged 14-49, 1917-1971

Autoregressive Moving Average
Model Residual Coefficient Coefficient
Age (p,d,q) Q-Value Probability! Variance Mean Lag 1 Lag 2 Lag 1 Lag 2
14 210 10.2 0.99 0.15 3.86 ~0.359 -0.203
15 110 14.6 0.93 0.80 10.66 ~0.010
16 210 9.5 0.99 4.58 29.30 0.205 -0.170
17 110 13.1 0.96 19.08 59.02 0.125
18 210 18.3 0.74 49.11 99.41 0.189 -0.174
19 210 18.9 0.71 91.34 137.54 0.234 -0.127
20 110 19.0 0.75 120.66 159.54 0.196
21 110 14.5 0.94 140.68 172.34 0.218
22 110 17.0 0.85 149.49 180.51 0.191
23 111 23.2 0.45 131.96 185.52 -0.272 -0.613
24 110 " 23.0 0.52 148.33 183.64 0.152
25 111 16.9 0.81 67.72 170.42 -0.177 ~0.615
26 210 26.6 0.28 73.27 162.42 0.317 -0.250
27 111 16.4 0.84 54.45 " 151.10 -0.300 ~0.741
28 210 22.7 0.48 39.57 146.39 0.471 -0.170
29 110 18.1 0.80 37.43 131.62 0.268
30 220 27.3 0.24 21.63 123.89 -0.351 -0.560
31 111 18.1 0.75 17.60 101.92 0.891 0.658
32 111 13.1 0.95 16.64 100.65 0.897 0.634
33 210 21.9 0.53 12.88 88.63 0.424 0.127
34 111 15.5 . 0.88 13.78 80.86 0.895 0.665
35 112 10.8 0.98 7.67 74.49 0.886 0.414 0.108
36 11 10.3 0.99 6.29 65.97 0.900 0.554
37 220 20.8 0.59 5.85 56.14 -0.763 -0.365
38 211 10.8 0.98 3.63 53.65 0.573  0.345 0.423
39 220 10.5 0.99 3.28 41.77 -0.854 -0.416
40 111 17.9 0.76 1.32 33.98 0.965 0.639
41 211 13.2 0.93 0.72 21.90 0.777 0.184 0.644
42 220 17.8 0.77 0.97 18.85 -0.909 -0.345
43 221 17.8 - 0.72 0.27 12.02 -0.603 -0.507 0.137
44 121 13.2 0.95 0.21 7.17 -0.317 0.824
45 121 14.8 0.90 0.08 4.89 -0.105 0.660
46 211 15.3 0.85 0.03 2.32 0.400 0.572 0.686
47 210 16.7 0.82 0.02 0.98 -0.041 0.285
48 11 8.3 0.99+ 0.01 0.48 0.185 -0.130
49 121 15.7 0.87 0.01 0.34 -0.496 0.863
2

! Degrees of freedom = 25-p-q Births per 1,000 women
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Figure A. Actual and Projected Total Fertility Rate, Figure B. Actual Annual Births, 1946-1975 and Projected Annual
United States, 1946-1975. Births with Fifty Percent Confidence Intervals, 1951-1975
(Base Year 1950) and 1961-1975 (Base Year 1960), Projected
with Age-Specific Birth Rates and Age-Parity-Specific
Birth Probabilities.
TABLE 2

Total Populstion, Births, Confidence Intervals, and Annual Rates
of Change -- Projections from Base Year 1950 Using

Age-Specific Birth Rates: 1950 to 1975 .

(Populations in thousands. Based on Year of April 1 - March 31

502 50% Total Crude Crude Percent

. Confidence Confidence Fertility Birth Death Natural
Year  Population! Interval Births Interval Rate? Rate}  Rate3  Increase
1950 150,216 (x) x) (x) (x) (x) (x) (x)
1951 152,739 +199 3,481 1192 2,968 22.8 9.5 1.33
1952 155,230 839 3,471 305 2,970 22.4 9.5 1.29
1953 157,688 1,484 3,458 403 2,970 21.9 9.4 1.25
1954 160,110 2,274 3,443 492 2,966 21.5 9.4 1.21
1955 162,499 3,203 3,430 578 2,962 21.1 9.4 1.17
1956 164,857 4,260 3,420 657 2,957 20.8 9.4 1.14
1957 167,190 5,455 3,415 740 2,949 20.4 9.4 1.10
1958 169,507 6,350 3,418 814 2,940 20.2 9.4 1.08
1959 171,815 7,755 3,430 890 2,931 20.0 9.3 1.07
1960 174,124 9,285 3,453 965 2,922 19.8 ‘9.3 1.05
1961 176,446 (x) 3,487 (x) 2,912 19.8 9.3 1.05
1962 178,836 (X) 3,535 (x) 2,906 19.8 9.1 1.07
1963 181,224 (x) 3,593 (x) 2,898 19.8 9.3 1.05
1964 183,629 (X) 3,664 x) 2,889 20.0 9.5 1.05
1965 186,130 x) 3,748 (x) 2,881 20.1 9.3 1.08
1966 188,692 x) 3,849 (x) 2,878 20.4 9.4 1.10
1967 191,320 (x) 3,957 x) 2,879 20.7 9.5 1.12
1968 194,063 x) 4,069 (x) 2,884 21.0 9.3 1.17 -
1969 196,834 @) 4,177 x) 2,886 21.2 9.6 1.16
1970 199,716 (x) 4,284 x) 2,888 21.5 9.4 1.21
1971 202,722 (x) 4,391 x) 2,893 21.7 9.2 1.25
1972 205,843 (x) 4,496 (X) 2,899 21.8 9.0 1.28
1973 209,023 (x) 4,590 (x) 2,903 22.0 9.0 1.30
1974 212,253 (x) 4,676 x) 2,910 22.0 9.1 1.29
1975 215,527 (X) 4,751 x) 2,914 22.1 9.1 1.30

2 Pper 1,000 women

(X) Not available or mot applicable .
3 per 1,000 mid-ysar population

1 April 1 population

665



